concentrations of C = 0.2% (the hydrodynamic resistance drop at C = 0.2%7 was A\/X = 32%),
The measurements showed that the tendency occurred in the mean-velocity-profile distribution
for aqueous dithalan solutions as for methaupon solutions.

Thus the foregoing experiments have shown that the optical Doppler velocity meter (laser
anemometer) may be used for studying turbulent flows containing surface-active additives,
provided that the solutions of these are sufficiently transparent.

NOTATTION

u, mean longitudinal velocity component; u,, dynamic velocity; Re = u*y/v, Reynolds num-
ber; vy, distance from wall; v, kinematic viscosity; C, concentrationy AX/A = [\, — X2)/A. ]
100%, reduction in hydrodynamic resistance; A,, resistance for the flow of the pure solvent;
A2, resistance for the flow of the solvent containing SAS additives; AP, pressure drop; h,
height of channel.
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A SOLUTION METHOD FOR PROBLEMS OF FREE CONVECTIVE
MOTION IN LIQUIDS

Z. P, Shul'man, E. A. Zal'tsgendler, UDC 536,25:532.135
and V. I. Baikov

The solution of the problem of free convective motion of liquids with high
Prandtl and Schmidt numbers is obtained in the form of inner and outer asymp-
totic solutions which are joined together. Boundary conditions of the first
or second kind are considered.

The interest in problems of free convection in liquids has definitely increased in re-
cent years [l, 2]. This is due to the growing importance of liquids (Newtonian, as well as
non-Newtonian) in chemical industry and power engineering. 1In the present article a solution
method is described for the problem of free convective motion of liquids close to bodies im-
mersed in the latter. The analysis is carried out by considering an example of a ''power
series" model of a liquid. In this case the dimensionless equations for stationary concentra-
tion thermally free convection in the boundary-layer approximation with the consistency coef-
ficient dependence on heat taken into account are of the following form:

! —1
uibf__,_vau — 9 [m(@l)._%_tn %Jf(@r;‘]{leﬁM’CB;

ax oy dy oy oy
. Ov . (1)
ox Oy ’
AL 09, _ 1 a'-c-)_L,
0x oy Pr, d4*
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ax ' oy  Pr, o

with the boundary conditions of the first kind,

u=90 v=0 0,=1, 6,=1 for y=0;
(2)

u—0, 0,50, 6,0 for y— o0,

where

1
. Gr i —
K, =sign(C,—C.) | —2%
1 g ( 0 )( Grl ) 3

and the geometric parameters M and B are in special cases as follows: M =1, B =0 for a
vertical plate; M = cos ¢, B = 0 for a wedge; M = 1, B = 1 for a plane critical point.

The solving of the system of equations (1) under the boundary conditions (2) is mathe-
matically very difficult; in particular, (1)-(2) have no self-simulating solutions. Neverthe-
less, by using a physical property, namely, that the Prandtl (Pr,;) or Schmidt (Pr.) numbers
are higher, a considerable simplification of the problem is possible. 1In this case the thick-
ness of the thermal and the concentration boundary layers are much smaller than the thickness

of the dynamic layer, which enables one to obtain a solution by using a method of asymptotic
expansions joined together.

By changing over to inner variables one has for the inner asymptotic expansion of the
system of equations (1)

in—1
0 \:(1) (61) aLll n 6u1 ] -+ (@1 -+ K]_@g) Mih — 0;
Oy Oy, i,
du, ., Ov .
s L W (3)
ox oy
a9, . 00, Pr, 0°9,
ul - 01 == b) 5
ox oy, Pr, dyi
00, 00, Pr, 0%,
Uy — - Uy = ____.2-._ s
0x oy, Pr, dn

where
Pr; = min{Pr,, Pr,}.

The problems of free convection also reduce to the system (3) close to the vertical
cylinder (M = 1, B8 = 0) or to the cone (M = [2 sin (,D]n/2 cos ¢, B = n/2) of the critical
point in space [M = 2(n+1/2) B = (n + 1)/2]. One also has the continuity equation

d d
—— (rv =0
37 (ru) o (rv)

and, in addition, one introduces

X

w=ur, x= j r (%) dx.
0

The condition u » 0 for y +~ = in the case of inner asymptotic expansion must be replaced
by a condition that u, is bounded or, in view of physical considerations, by an equivalent
condition 3u;/3y: > 0. Thus the boundary conditions for the system (3) are

4 =0,0,=0 6, =1, 0,=1 for g =0,

ou (4)
L .>0, >0, 8,0 for g, - o0.
Oty

In the case of the outer asymptotic expansion (0; = 0, 0, = 0) one arrives at the follow-
ing system of equations (in outer variables):
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duy Ou, o [1 duy P71 Ouy
U, — 1 U, == . >
dx ayg_ ayg ‘ ayz ayz ]
: 5
v o (5)
ox dy, '

In this case the condition of adhesion on the surface cannot be satisfied. Another con-
dition on the surface i1s found by using the "principle of joining together in the limit" [4].
Then the boundary conditions for the system (5) become

Uy =U, 1,=0 for y,=0; u,—0 for y,— oo; (6)

where

U = lim 4, (x, yy)-
b

1> 00

The representation of the problem (1), (2) in the form of inner (3), (4) asymptotic ex-
pansion and of outer (5), (6) greatly simplifies the problem. In particular, the problem (3),
(4) admits self-simulating solutions in contrast to the original problem (4). One has the
following system of differential equations:

d P
— [0 ®) fy*' 1] -6 — K@, =0;
dn

" Pr 2
G; —;—— —r (Sigﬂf1) f161 = 0;
Pr,
" Pr, . . .
B — —* (signf1) /02 = 0
Pr,
with the boundary conditions
=0, fi=0,0,=1 6,=1 for 0, =0;
(8)

f';—>0, ©,—~0, B,—0 for n — co.

An exact solution of the problem (7)-(8) was obtained in [4]. The inner asymptotic ex-
pansion enables one to find the characteristics of the heat and mass exchange and the surface
friction, as well as the temperature and the concentration profiles. However, to obtain the
complete profiles of the velocities one must also find the outer asymptotic expansion. It
follows from the "principle of joining together in the limit" and from the obtained solution
for the inner asymptotic expansion that

ntl nfidop 2 ( 31 )37:1 o

U = ’ pl_ty'k}-lxg 3n-1 A/Ian—!—l
fi(co) Pr on—1- B,
The going over in (5) and (6) to flow functions, the requirement of constant conformakl

invariance of the obtained system of equations relative to the linear one-parameter transfor-
mation group [5], and the use of (9), yield the self-simulating variables,

) _ n42n—1—-2B(2—n)
7]-2 — C1y2x (3n—+1)(n-4-1) ; (10)
2r(n+2)+B2r—1)]

f(ny) = C,W,x  Gerhimth

where

n—+—1
3n—1 \)3n+l

on -1+ 8,

2—n 1—2n n+1 2.
: 1 g 1 44301
C, = DY, €, = D' Dy = i (co) Pyt M (

\

?

which reduce the problem (5),(6) to a single nonlinear differential equation:

(11)

n-—1-:+98 (f;); | 2[n(n+2)4-p (2n—1)] ffo=0

n ”m—l .N'_
[F2l | f2 30+ 1 Bn -+ D -+1)
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Fig. 1. Profiles of velocities for the outer asymptotic
expansion: a: 1) n = 0.5; 2) n=0.,75; 3) n= 1.0 (B =
0); b: 1) =20; 2) 8=1 (n=0.75).
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Fig. 2. Profiles of temperatures (concentrations) and of
velocities: 1) inner asymptotic expansion; 2) outer asymp-
totic expansion; 3) exact solution.

with the boundary conditions
RO)=0, f0)=1, f(o)—0. (12)

The problem (11), (12) was solved numerically on the '"Minsk-22" electronic computer.
Some results are shown in Fig. 1. An increase in the pseudoplastic properties (a reduction
in the parameter of non-Newtonian behavior) results in greater thickness of the dynamic boun-
dary layer in self-simulating variables (Fig. la). The geometric parameter B shows hardly
any effect on the velocity profiles (Fig. 1b).

In Fig. 2 the profiles of temperatures (concentrations) are shown, as well as velocities
found by using the above-described procedure; they were determined by solving the complete
problem (1), (2) for n = 1, Pr, = Pr, = 100, K, = 0, M =1, 8 =0 [for n'= 1, the problem
(1), (2) admits self-simulating solutions]. It can be seen from the graphs that the results
agree very satisfactorily; for example, the difference between the characteristics of heat
and mass exchange and of friction nowhere exceeds 3.5% (the comstituent profile of the veloci-
ties is obtained from the intervals of profiles of the inner and outer asymptotic expansions
up to their point of intersection). For higher numbers Pry (k = 1, 2) the error in the de-
termination of both the characteristics on the surface and the temperature profiles, concen-
trations and velocities is reduced.

It should be mentioned that the solution of the problem (1), (2) is of universal charac-
ter as regards the Prandtl and Schmidt numbers, The Grashof numbers (Gr,, Gr,), and the shape
of the heat-dependent function w(9,).

In the case of electrical heating of the surfaces and in a number of other cases of ther-
mal convection it is not the surface temperature which is known or given but the heat flow,
that is, the boundary conditions of the second kind are realized. In this case one can also
use the method of fitted asymptotic expansions. For the internal asymptotic expansion in the
case of a constant consistency coefficient the system of equations is of the form (3) [if omne
sets Oz = 0, Pri = Pr,;, w(0,) = 1] with the boundary conditions
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00,

u; =0, v, =0, =-—1 for gy =0;
Oy —0, 6,0 for y, — oo,
Oy

where

’ ,l_ JEECE ﬁ L2 —_ _1_ Vﬁl_ EZ_
y= —yL— GrPer™s o —w [ g_;_%_] 2 GrIHD pdet?.

1 n 3 2ntl)
o, = L —'iw)?» GrrHEpe, 4 U,[ gﬁlf% }—Q—GrWPTISHT
3 :

b

For the external asymptotic expansion the equations are again of the form (5) with the
boundary conditions (6). The internal asymptotic expansion possesses a self-simulating solu-
tion [6]: the system of ordinary differential equations

nlfin=t i+ g=0;
" ’ n—ﬁ
g +hhae S 1)1

, (14)
fig=10

and the boundary conditions

=0, fi=0, g =—1 for n,=0; fi—>0, g—0 for 1, co. (15)
The numerical solution of the problem (14), (15) was obtained by using a modified New-
ton's method described in [6]. In this case the outer limit for the inner asymptotic expan-
sion is given by
n+2  Tn2(1Lp) 2 ni2
U=fi(oo)Prim¥ey 3F2  ppnt? [«——~3’1+2 ]3—4,
2(n+1)+B

The proceeding to stream functions in (5) and (6), as well as the requirement of constant
conformal invariance of the obtained system of equatiomns relative to a linear one-parameter
transformation group, results in the self-simulating variables

__n*+3n—2—28(2—n)
Ny = Cayzx 3n+2) (n+1)

(16)
2An(n+3)+p(2n—1]
ANEIA SaCE S
where
2=n 1=2n M2 2 319 nt2
cC =Dn+l; c :Dn—{—l; D — 4 00 Pr3r1+2M3n—'r2[ T }3n+2,
=PI Cem B DR 2(n+ 1)+ P
which reduce the problem of (5), (6) to a nonlinear differential equation:
" L -+ . -+ — " '
nifsn=t " — ”_I_M ()2 - 2[n (n+3)+Pp 2n—1)] ffs=0 (1n

3n 42 (n+1)En-+-2)
with (12) as boundary counditions.

In Fig. 3 some results are shown of the numerical solution of the differential equation
(17) subject to boundary conditions (12). The parameter of non-Newtonian behavior and the
geometric factor exercise in qualitative terms the same effect whether one deals with boun-
dary conditions of the first or the second kind.

It is noted, in conclusion, that by representing the solution by inner and outer asymp-
totic expansions joined together one is also able to construct efficient approximate solutions
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y', dimensional coordinates; u = u'[Lg B:(Te —-Tw)]—l/z, v =v'[{Lg B1(To — Taw)] /2
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Fig. 3. Velocity profiles for the outer asymptotic expan-

sion: a:
1)B=0; 2) 8=1(n=0.75).

NOTATION

1) n=10.5 2) n =0.75; 3) n=1.0 (g = 0Q); b:

x'/Ly v = (y'/L)Gri/2(nt1), vy, = yPrE/(3n+1); y2 = y, dimensionless coordinates; x',

Grillz(n"'l), u; -___-b uPri(n+1)/(3n+l), u =u, v, = VPri(2n+1>/(3n+1), v

velocities; u', v', dimensional velocities; L, characteristic length; B,, coefficient of
volume expansion; Pr, = (DCP/X)L(l—n)/(n+g(o/k)_2/(n+l)[LB18(T0 - Tm)]s(n“l)jz(n+1), Pr,

g =

2

=V,

dimensionless

(QCP/D)(p/k)_[z/(n+l)](l—n)/(n+1)[LB1g(To —'Tm)]a(n—l)/z(n+l>, modified Prandtl and Schmidt

numbers, respectively;

Cry = (o/k)*LPT2[8,g(To — Tw) 1™, Grz = (p/k)*LPT?[B,g|Co — Cw|]%7R,

modified Grashof numbers; k, consistency coefficient; n, parameter of non-Newtonian behavior;

¥, stream function; w(©,), heat-dependent function; 8; = (T — Tw)/(To — Tw), O

(Co — Cw), dimensionless temperature and concentration, respectively;

(C — C)/
TO, CO, Too, Cm, ab"

solute temperatures and concentrations on the wall and for y -+ «; qo, heat flow on the sur-

face;

v PN
v e & e s o

n, £(n), g(n), self-simulating variables.
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